pH-Dependent Evolution of Five-Star
Gold Nanostructures: An Experimental
and Computational Study

Zidong Wang," Madurai Srinivasan Bharathi,* Ramanarayan Hariharaputran,* Hang Xing, Longhua Tang,"$
Jinghong Li,® Yong-Wei Zhang,** and Yi Lu™*

TDepartments of Materials Science and Engineering and Chemistry, University of lllinois at Urbana—Champaign, Urbana, lllinois 61801, United States,
*Institute of High Performance Computing, A-STAR, Singapore, and *Department of Chemistry, Tsinghua University, Beijing 100084, China

ABSTRACT

o

Dendritic structures, such as snowflakes, have been observed in nature in far-from-equilibrium growth conditions. Mimicking these structures at the
nanometer scale can result in nanomaterials with interesting properties for applications, such as plasmonics and biosensors. However, reliable production
and systematic fine-tuning morphologies of these nanostructures, with novel hierarchical or complex structures, along with theoretical understanding of
these processes, are still major challenges in the field. Here, we report a new method of using pH to control HAudl, reduction by hydroxylamine for facile
production of gold nanostructures with morphologies in various symmetries and hierarchies, both in solution and on solid surface. Of particular interest is
the observation of five-star-like dendritic and hierarchical gold nanostructures under certain reaction conditions. Phase-field modeling was used to
understand the growth and formation dynamics of the five-star and other gold complex nanostructures, and the results not only explained the
experimental observations, but also predicted control of the nanostructural morphologies using both pH and hydroxylamine concentrations. In addition to
revealing interesting growth dynamics in forming fascinating complex gold nanostructures, the present work provides a pH-directed morphology control
method as a facile way to synthesize and fine-tune the morphology of hierarchical gold nanostructures.
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old nanostructures have been the

subject of intensive research in re-

cent years, due to their intriguing
optical, electrical, and chemical properties.'?
These properties have allowed the gold
nanostructures to be used in many biome-
dical science and engineering applications.>~”
Because these properties are highly depen-
dent on morphologies, such as shape and
size, much effort has been devoted to control
the morphologies of gold nanostructures.
As a result, a large number of gold nano-
structures of various morphologies including
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nanospheres, nanorods, nanowires, nano-
prisms, nanoplates and branched nano-
structures have been synthesized® "> To
control the morphologies, different methods
have been reported, including adjusting the
reaction conditions (such as choice of the
precursor materials, molecular ratio, or temp-
erature) and employing selective adsor-
bates, such as surfactants, small molecules,
or polymer capping agents, to control the
nanocrystal growth.'*'® Despite tremen-
dous progress made in this area, it is still
challenging to produce gold nanostructures
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with hierarchical or complex structures, and it is even
more difficult to systematically tune the morphology of
these complex nanostructures.

Among the gold nanostructures with a high level of
complexity, gold dendritic structures with hyper-
branched architectures are particularly interesting.
These structures exhibit superior physiochemical prop-
erties ideal for applications in plasmonics and bio-
sensors due to their high surface area and the pre-
sence of nanoscale branches.'®~%° Dendritic structures
have been prepared by ionic liquid templating,'”
solvothermal,?’ metal replacement,? or electrochemi-
cal method.”* % For example, an elegant approach
reported by Kelley, Sargent and coworkers using elec-
trochemistry was reported to change the morphology
of the structure deposited on the electrode by adjust-
ing electrochemical potentials or deposition time.?
For industrial-scale applications, it is desirable to
develop methods that are easier to scale up than the
electrochemical method, such as using solution chem-
istry without the need of surfactants or templates. A
few previous reports have shown that 5-fold symmetry
could be observed as intermediates in nanocrystal
growth.2®?” Recently, Chen and co-workers have re-
ported successful synthesis of 5-fold stellate polyhedral
gold nanoparticles with {110} facets in aqueous solution
via a seed-mediated growth method without adding
surfactant.?® Most of these studies reported the prepara-
tion of individual types of structures. Built on the success
of these studies, it is important to demonstrate systema-
tic tuning of such dendritic nanomaterials so that their
physiochemical properties can be tailored for specific
plasmonic and biosensing applications. Furthermore, our
current understanding of the dendritic structural forma-
tion and its structural evolution has been elusive, and it is
desirable to develop a computational method to study
dentritic structures so that these structures, including
new ones, can be predictably synthesized.

In nature, dendritic (or fractal) structures are ob-
served ubiquitously in far-from-equilibrium growth
conditions.?® One interesting example is the formation
of snowflakes from water vapors in the air, under super-
saturation. To explain and analyze such fractal growth
phenomena, diffusion-limited aggregation (DLA) and
cluster—cluster aggregation (CCA) models have often
been used.>*~3? The morphologies of a crystal are
determined by the correlation between the driving
force of crystallization and diffusion of atoms, ions,
molecules, or heat. Theoretically, it is possible to tune
the driving force of crystallization or the molecular
diffusion rate to vary the crystal morphology. Dendritic
growth of crystals results from the limitation of growth
rate by the diffusion field and is controlled by the
transport of material at moving interfaces (for example,
the solid—liquid interface in the case of melt growth).
Methods that track moving interfaces explicitly are
highly impractical for complex morphologies such as
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dendrites. An efficient method to address moving
interfaces in complex morphologies is phase field
modeling. Phase field models are based on the diffused
interface, which is defined by an order parameter like
density, composition, and orientation fields (phase
field).””3 These order parameters change continu-
ously from one phase to another with a finite interface
width. Thus, the explicit tracking of the moving inter-
face is not needed in this method. The phase-field
method has been successful in explaining interface
dynamics in many phenomena like melt growth, 3¢
grain growth, solid state phase transformation, crack
propagation, and dislocation dynamics.’

Inspired by nature and motivated by their promising
applications, herein we develop both a new experi-
mental system and a new computational model for not
only systematic tuning, but also a deeper understand-
ing of gold nanostructures with snowflake-like or
dendritic gold nanostructures both in solution and
on solid surface. These morphologies can be fine-
tuned systematically by simply adjusting the pH of
the reaction system. At optimized conditions, gold
crystals with controlled symmetries or snowflake-like
gold nanostructures are formed, respectively, where
some of these structures are brand new and not
reported in literature. The formation of the snow-
flake-like gold nanostructures has also been explained
by the phase-field method, thus, contributing to our
fundamental understanding of this important class of
complex dendritic structural formation.

RESULTS AND DISCUSSION

Seed-mediated growth of gold nanoparticles is of-
ten carried out in aqueous solution by using HAuCl,
gold precursor and hydroxylamine/ascorbic acid as the
reductant. In work reported by Natan and co-workers,
hydroxylamine was used to reduce HAuCl,, and they
reported that HAuCl, reduction occurred only in the
absence of gold nanospheres, and the reduction reac-
tion could be catalyzed by a pre-existing gold surface.3®In
their experiments, the pH of the reaction system was
acidic (pH 4). On the other hand, Peng and co-workers
reported the shape of the resulting gold nanoparticle is
pH-dependent in the seed-mediated approach, and
gold nanoflowers were formed at higher pH by using
gold nanospheres as seeds and hydroxylamine as
reductant3® These studies suggested that pH could
be used to tune gold nanostructures. We therefore first
investigated the effect of pH on the reduction reaction
in the absence of a gold surface. Because pure NH,OH
is an unstable compound, easily decomposing to nitric
oxide and hydrogen, we used its more stable form
NH,OH-HCl in this study. Hydroxylamine solutions
with different pH values (from 4.5 to 11) were prepared
by titrating NH,OH-HCl with different aliquots of
NaOH. HAuCl; was then introduced to each of the
hydroxylamine solutions to initiate the reaction.
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Figure 1. SEMimages of the gold crystal structures grown at varying pHs (from left to right: pH 4.25, 4.45, 4.55, 4.66, 5, and 6).
The images in the bottom row are larger scale images of the corresponding top row. The scale bars in the top row images
indicate 500 nm. The scale bars in the bottom row images indicate 2 um.

Interestingly, the color of the resulting solutions at very
high pH (pH 11) immediately changed from colorless
to blue, while solutions with moderate pH (from 5.5 to
10.5) changed to gray in a few minutes. In contrast,
those solutions with lower pH (<pH 5.5) remained
colorless (see Figure S1).

Transmission electron microscopy (TEM) was then
employed to investigate the morphology of the pre-
pared gold crystals from each solution. For those
solutions with pH lower than 5.5, very few metal
structures were observed under TEM, and they were
gold metal aggregations larger than 2 um in size
(Figure S1b). When the pH was in the range of 5.5 to
10, dendritic gold structures were observed. When the
pH reached 11, gold nanoflowers of size around 70 nm
were observed. These results indicate that the reduc-
tion reactions, as well as the morphologies of the
resulted gold nanocrystals, are pH-dependent. At high-
er pH, the reduction of HAuCl, by hydroxylamine is much
faster than that of lower pH. This pH-dependence in
reduction rate determined the formation of different-
shaped gold crystals at different pH values.

Knowing that the reaction of HAuCl, with NH,OH is
pH-dependent, we further extended our study on
growing the gold structures in the presence of a gold
surface. Cr layer (3 nm in thickness) and Au layer (30 nm
in thickness) were deposited by using an E-beam evap-
orator on a round glass coverslip (5 mm in diameter).
The freshly prepared gold surface was immersed in 300 uL
of NH,OH solution of varying pH, and then 3 uL of
1% HAuCl, was added to initiate the reduction reac-
tion. Hydroxylamine was kept in large excess over
HAuCl, (molar ratio of NH,OH/HAuCl, > 60) and the
reaction was carried out under room temperature for
each reaction to eliminate the influence of other
factors, such as temperature or ratio of the reagents,
on the gold nanostructure morphology. Because the
gold surface has been shown to catalyze the reduction
of HAuCl, by hydroxylamine effectively under acidic
condition,*® a pH range of 4 to 6 was chosen to
minimize the self-nucleation of gold atoms while the
gold surface could still catalyze the reduction of HAuCl,
by hydroxylamine. The reaction proceeded for 30 min
before the surface was taken out for SEM characterization.
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As shown in Figure 1, at pH 4.25, flower-like gold
structures were observed under SEM. The gold crystals
had a size of around 1 um. As the pH increased to 4.45,
branched gold structures were observed. The number
of tips ranged from 3 to 10. Interestingly, five-star gold
structures, which are rarely observed in nature or under
experimental conditions, were formed in low yields. At
pH 4.55, however, the five-star gold structure was
formed in higher yield (~30%), while most of the other
formed gold structures had 6 to 10 extended tips. For
the five-star gold structures, each tip was evenly
extended out, with the angle between each adjacent
tip at ~72°. When the pH in the reaction solution
reached 4.66, gold structures with more than 10 tips
were observed. With a further increase of pH to 5.00 or
higher, dendritic gold structures with a number of
branches formed. These results demonstrated that
the pH value during gold structure growth has remarkable
influence on the formed gold structure morphologies.

To investigate the dynamics of the growth process of
the five-star gold structures, the above growth process
was stopped by removing the gold surface from the
reaction solution and rinsing immediately with water
after the reaction, for different periods of time. The
morphologies of the resulting structures were mon-
itored under SEM. Figure 2 showed the time-depen-
dent growth process of the five-star structures. After
1 min of reaction, only gold nanoparticles 20 nm in size
were formed. After 5 min, the five-star structures were
observed. As the reaction proceeded further along, the
tips of the five-star extended longer. No further mor-
phology change was observed when the reaction was
extended for longer than 30 min. Energy-dispersive
X-ray (EDX) spectral analysis (Figure S2) confirmed that
the gold five-star nanostructure consisted of pure gold.
In addition, we tried to grow this five-star gold nano-
structure on some nongold surfaces, such as Si surface
or Cr film surface. However, neither of these surfaces
could produce gold five-star nanostructures (Figure
S3), suggesting that the gold surface plays an impor-
tant role in forming the five-star structures. This pH-
directed morphology evolution of the gold structures
suggests a new method to synthesize and tune the
morphology of the hierarchical gold nanostructures.
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Figure 2. SEMimages of the gold crystal structures formed at varying growth times: (a) 1, (b) 5, (c) 10, and (d) 30 min. The scale
bars in the first three images from the left indicate 200 nm, and the scale bar in the right-most image indicates 500 nm.

A particularly interesting finding from this study is that
the five-star gold structures formed only at certain pH.
Theoretical understanding of its formation, however, is
lacking.

To obtain an in-depth understanding of the growth
process of the five-star gold structures, we have used a
phase-field model based on the model proposed by
Karma and Plapp*° to simulate the growth of the gold
dendrites. This model is written in terms of the surface
height h (in units of interlayer width of the dendrites)
and the concentration field u = Q (¢ — ¢.q), where cis
the concentration of gold adatoms, Q is the atomic
area of the solid, and c.q is the equilibrium concentra-
tion of the gold adatoms on the surface. The evolution
equations for h and u are

oh oG

™5t T T on
= K*V2h +sin(zlh — ho)) + Au{1 + cos(zlh — ho))}

M pyry Yy p 1o
at Ts 2 ot
Here, G is the free energy function depending on h and
u, ho is the initial height of the surface, Kis the gradient
energy term, D is the isotropic diffusion coefficient, and
F is the flux of the gold adatoms arriving at the surface.
75 is the mean lifetime of the gold adatom on the
surface, 1}, is the characteristic time of attachment of
the adatoms to the surface, which is much smaller than
75, and 4 is a dimensionless coupling constant. The free
energy, G, has minima at h — hg =2n + 1, independent
of u. The 5-fold symmetry is placed in the gradient term
as K2 = k*{1 + ¢ cos(nf)}, where n = 5 and k and ¢ are
constants. The details of the simulation methods,
including scaling and model parameters used, are
described in the Simulation Method section. In this
model, two system parameters, that is, the deposition
flux F and diffusion coefficient D, are of particular
importance in controlling the morphologies of the
gold structures.

To correlate the experimental factors, such as pH
and concentration of the reagents, with the param-
eters used in the simulation, such as the flux of Au
adatoms and diffusion coefficient, we first looked into
the influence of pH on hydroxylamine in the reaction
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system. Hydroxylamine exists in the reaction solution
in two chemical forms: NH,OH or its protonated form
NH;OH™. NH,OH has a lower reduction potential and
thus is oxidized easier by HAuCl,.>* Because the pK, of
NH;OH"/NH,0H is 5.80—5.90, below the pH range
used in our experiments (4.30—4.80), the majority of
the hydroxylamine exists in the form of NH;OH™. With
increasing pH, a significant portion of NH;0H" should
be deprotonated and converted to NH,OH, increasing
the reaction rate, giving rise to a higher total flux of
gold atoms. For example, based on the above pK,, for
the total concentration of NH,OH at 20 mM, the
effective concentration of NH,OH increased from
0.61 mM at pH 4.30 to 1.06 mM at pH 4.55, then further
to 1.82 mM at pH 4.80. With the increase of pH,
however, more nuclei were generated so the effective
flux per nucleus decreased. This hypothesis is sup-
ported by our experimental results on reacting NH,OH
of varying pH with HAuCl; in solution and in the
absence of external gold substrate (Figure S1). When
the pH was lower than 6.00, the reaction solution
remained clear, very few gold crystals could be found,
and they were all larger than micrometer sizes. When
the pH increased to 6.00—10.00, a gray color was pro-
duced after the first minute of reaction, and micrometer-
sized dendritic gold structures were observed. As the
pH reached 11.00 or higher, an instant change to blue
color was observed after mixing NH,OH with HAuCl,,
and only nanosized gold nanoparticles were ob-
served, indicating the generation of a large number
of nanosized nuclei. Thus, an increase in pH not only
increases the flux of gold atoms, but also the number
of nuclei formed. The flux of gold atoms, F, used in the
phase-field model is the effective flux available per
nucleus.

Next, we looked into the influence of pH on HAuCl,
in the reaction system. HAuCl, exists in the forms of
AuCl;~ (>85%) and AuCl4(OH)™ (<15%) at pH 4.20—
4.80.*" Because the AuCl,” is more oxidative than
AuCl4(OH)™ and is the dominating form with an effec-
tive concentration change less than 10% in the pH
range of 4.20—4.80, the influence of pH on the HAuCl,
reactivity is much less than that on the NH,OH reactiv-
ity. Therefore, the influence of pH on the reaction rate
(and, thus, total flux rate) is mainly through NH,OH
rather than through HAuCl, reactivity.
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Figure 3. Effect of gold flux on the morphology: (a) F = 0.0002, (b) 0.0006, (c) 0.001, and (d) 0.005. D = 6 is used for all these

simulations.

Figure 4. Simulation results showing the effect of multiple nucleations on the width of the dendritic arms. (a) Dendrite grown
from one nucleus at F = 0.0004 and (b) dendrites grown from two nuclei at F = 0.0005. D = 5 for both the cases. The thinning of

dendritic arms is clearly seen.

To provide a more quantitative understanding of the
results obtained from the pH-dependent dendritic
structural formation, we performed simulations in
which the diffusion coefficient (D) is used to determine
the range of values for which the dendrites were
observed. The simulations performed by varying
D show that a decrease in diffusivity resulted in finer
dendrites (Figure S4). The diffusion coefficient D of the
gold adatoms in the phase-field model depends on
both substrate material and reaction temperature. For
a given substrate, there is an Arrhenius relation be-
tween temperature and D. For the same substrate and
reaction temperature, it is reasonable to take D as a
constant in the simulations. In Figure S4, we have
shown the role of D on the dendrites, that is, dendritic
width increases with increasing D. In our simulations,
D is chosen to match the experimental dendritic
patterns by varying the deposition flux. We find that
D = 6 gives the best match.

Figure 3 shows the simulation results for the den-
dritic patterns for D = 6 and F ranging from 0.0002 to
0.005. The simulation predicts that, as the flux de-
creases, the dendrites become thinner. The experi-
mental results shown in Figure 1 indicate thinner
dendritic arms with increasing pH. Because increasing
pH should theoretically result in a higher concentration
of the reductant (NH,OH) versus its protonated form
(NH;0H™) and, thus, faster reduction and higher flux of
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the gold atoms, the trend predicted by the computa-
tions shown, Figure 3, appears to contradict the experi-
mental results in Figure 1. However, an increase in pH
also increases the number of nuclei formed, thereby
reducing the effective flux per nucleus. To understand
the influence of the number of nuclei on the effective
flux and, hence, the width of the dendrites, we per-
formed simulations by starting with one and two nuclei,
and the results are shown in Figure 4. Figure 4a shows
the dendrite formed with one nucleus at F = 0.0004 and
Figure 4b shows the dendrites formed at F = 0.0005
with two nuclei. We can clearly see that in the presence
of more nuclei, the dendritic arms become thinner
even when the flux is higher. The simulation therefore
predicts that average flux per nucleus should decrease
with the increase of pH or NH,OH concentration and,
thus, produce thinner and more dendritic structures.
These simulation results correlate well with the experi-
mental results that a higher pH produced more den-
dritic structures.

Furthermore, the presence of multiple nuclei can
also explain the apparent loss of the 5-fold symmetry of
the dendrites observed in Figure 1 for pH values greater
than 4.60. Figure 5 shows the growth of dendrites
when two nuclei are formed very close to each other.
The 5-fold symmetry can be observed in the early
stages. As they grow, however, these dendrites fuse
together due to the lack of space to grow and the
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Figure 5. Snapshots of the simulation results on the multiple nuclei and apparent loss of symmetry. Evolution of two closely
spaced nuclei at F = 0.0006 and D = 6; (a) t = 200, (b) 1500, and (c) 5000, in units of z},.
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Figure 6. Snapshots of the simulation results on the time-dependent growth of gold structures for F = 0.0006 and D = 5: (a) t =

1000, (b) 2000, and (c) 3000, in units of 7}, .

symmetry appears to be lost. Therefore, these results
suggest that the morphology of the dendrites is influ-
enced not only by the flux of the gold atoms but also
the number of nuclei formed.

Based on the above simulation results that show the
influence of pH on the reaction rate is mainly through
adjusting the effective NH,OH concentration, we hy-
pothesize that both the pH and the NH,OH concen-
tration can be used to tune the reaction rate, the nuclea-
tion density, and thus, dendritic structural morpholo-
gies. At a pH where effective NH,OH concentration is
lower, five-star structures can still be formed if we
increase the total NH,OH/NH;OH™ concentration
added to the reaction mixture. On the other hand, at
high pH where effective NH,OH concentration is high-
er, less total NH,OH/NH;OH™" concentration is required
to form the five-star structures. At intermediate pH, only a
moderate concentration of total NH,OH/NH;OH™ is re-
quired. To test this simulation-based hypothesis, we grew
gold nanostructure under the following three different
conditions: high concentration (50 mM) NH,OH at low pH
(pH 4.30), low concentration (10 mM) NH,OH at high pH
(pH 4.80), and intermediate concentration (20 mM
NH,OH) at intermediate pH (pH 4.55). As shown in
Figure S5, all three tested conditions produced similar
five-star structures, even though the gold structures
produced at higher pH were larger than those at lower
pH. Therefore, we can conclude that both the pH and
NH,OH concentration work in combination to achieve
the same morphological effects.
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After using computations to explain and then pre-
dict thermodynamic effects of pH on the five-star
structure, we turned our attention to use simulations
to explain the time-dependent five-star structure
growth using time-dependent flux change during the
reaction. For an optimized condition in the gold struc-
ture growth, the concentration of HAuCl, (210 uM) is
much lower than the NH,OH concentration (10, 20, or
50 mM). In the presence of gold substrate, all the
HAuCl, should be reduced to gold metals, while the
concentration of NH,OH does not change significantly.
As the reaction proceeds, the concentration of HAuCl,
decreases gradually to zero. Therefore, for a given
reaction, the flux of gold adatoms decreases with gold
crystal growth time. The simulation results (Figure 6)
correlate with experimental results (Figure 2) very well.

Finally, the evolution of the dendrites in Figure 2
clearly shows the presence of multiple layers of den-
dritic growth. The morphologies shown in these
figures suggest that the multiple layers grew due to
subsequent nucleation on the higher layers. To simu-
late this growth of multiple layers, we started with a
circular seed with height of 1 unit. We then initiated
further nucleation on this layer at a rate of 0.1 per unit
area on the dendrite. Once the area of the first layer of
the dendrite grew more than 10 square units, we
initiated a second circular seed with a height of 3 units
at the center of the dendrite and then allowed the
dendrites to evolve. The results of these simulations
for D=5 and F=0.0003 are shown in Figure S6 at times
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t = 1500 (Figure S6a) and t = 3000 (Figure S6b). The
evolution of the dendrites shown in this figure sup-
ports our assumption that subsequent nucleation on
the dendritic layers resulted in multilayer growth.

CONCLUSION

We have demonstrated a new method of using pH to
grow hierarchical gold nanostructures with controlled
morphology both in solution and on a surface. We have
identified that pH played an important role in control-
ling the reduction rate, as well as the gold nanocrystal
morphology. By growing the gold structures on the
solid surface, we have achieved further control of the
gold crystal morphology, mimicking the growth pro-
cess of snowflakes. Both pH and reagent concentration
were used to fine-tune the gold structures with con-
trolled symmetry, and five-star like gold structures
were prepared under certain reaction conditions. The
phase-field model was used to simulate and predict

MATERIALS AND METHODS

pH-Dependent Shape Evolution in Solution. Hydroxylamine
(20 mM) solution was first adjusted to different pH values
(from 4 to 12) using concentrated sodium hydroxide. Then,
100 ulL of each solution was transferred into centrifuge tubes
individually, followed by the addition of 1 uL of 1% HAuCl,
solution to initiate the reaction. After 30 min of reaction, each
solution was dropped on a TEM grid and imaged using a
transmission electron microscope.

Gold Crystal Growth on a Flat Gold Surface. E-beam evaporator
was used to deposit a 3 nm Cr adhesive layer and 30 nm gold
layer on a round glass coverslip (5 mm in diameter) at a
deposition rate of 1 A per second. The cleanness of the gold
surface is critical to the successful growth of the gold structures,
and the gold structure growth should be carried out with a
freshly made gold surface, preferably in a cleanroom. The gold-
coated glass coverslip was put in 300 uL 20 mM NH,OH solution
of various pH, and then 3 uL 1% HAuCl, solution was added to
the NH,OH solution to initiate the reduction. The reactions were
made for at least 30 min at room temperature before sample
preparation for imaging. For kinetic studies, the reactions were
stopped by taking out the surface and rinsing with pure water at
1,5, 10, and 30 min time points. After nitrogen blowing to dry
the surfaces, these surfaces were imaged under scanning
electron microscopy (SEM) at 15 kV.

Simulation Method. The phase-field equations are solved by
discrete Fourier transform method.*® We use periodic boundary
conditions in the x and y directions and solve for h(x,y,t). In our
simulations we use the phase-field units for length and time
measurements,'® that is, K> = 1 and 7, = 1. The equations are
discretized in both space and time, and we used Ax=Ay=1and
At=0.01 in our simulations. All the results shown here are for a
system size of 256 x 256 units, unless otherwise mentioned. The
parameters used are 7, = 1000000.0, 1 = 10, and £ = 0.04. We take
the equilibrium concentration c.q = u(x,y,0) = 0.5. Starting with a
cylindrical nucleus of height 5 units and radius 10 units on a flat
surface of height —1, the simulations are carried out at different
values of flux F.
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